Abstract. We present a method for computing the Hilbert series of the algebra of invariants of the complex symplectic and orthogonal groups acting on graded noncommutative algebras with homogeneous components which are polynomial modules of the general linear group. We apply our method to compute the Hilbert series for different actions of the symplectic and orthogonal groups on the relatively free algebras of the varieties of associative algebras generated, respectively, by the Grassmann algebra and the algebra of 2 × 2 upper triangular matrices. These two varieties are remarkable with the property that they are the only minimal varieties of exponent 2.
Introduction
Many of the results of the present paper hold oven an arbitrary field of characteristic 0. But in the spirit of classical invariant theory we shall work over the field C of complex numbers. A possible way to develop noncommutative invariant theory is the following. One considers the tensor algebra
of the m-dimensional complex vector space W m = CX m , m ≥ 2, with basis X m = {x 1 , . . . , x m } with the canonical action of the general linear group GL m (C). Then the action of GL m (C) is extended diagonally on T (W m ). For a subgroup G of GL m (C) one studies the G-invariants of the factor algebra T (W m )/I, where I is an ideal of T (W m ) which is stable under the action of GL m (C). Maybe the most interesting algebras to study are the relatively free algebras F m (R) of varieties of unitary associative algebras R. One considers the free unitary associative algebra C X m which is isomorphic to the tensor algebra T (W m ) and the ideal I consists of all polynomial identities of the variety R. Relatively free associative algebras share a lot of nice properties typical for polynomial algebras. More generally, one may consider the free nonassociative (unitary or nonunitary) algebra C{X m } modulo the ideal of the polynomial identities of a variety R of not necessarily associative algebras. For a subgroup G of GL m (C) one studies the algebra of G-invariants (T (W m )/I) G = {f (W m ) ∈ T (W m )/I | g(f ) = f for all g ∈ G}.
As in the case of classical invariant theory the computation of the Hilbert series of the algebra of G-invariants is one of the main problems in noncommutative invariant theory.
In our paper we consider a more general situation. We have a direct sum of polynomial GL d (C)-modules
Then W has a canonical N 0 -grading with W (n) being the homogeneous component of degree n.
with the property
(When we consider factor algebras of the free associative algebra C X d or, equivalently, of the tensor algebra of W d with the canonical action of GL d (C), the N d 0 -grading of C X d is the usual one which counts the number of entries of x i in the monomials of C X d .) Then the Hilbert series of W is
It is easy to see that for any subgroup G of GL d (C) the Hilbert series
Recently Domokos and one of the authors of the present paper [3] have shown that if the Hilbert series
is a rational function of a special kind (the so called nice rational function), then the Hilbert series H(W G , z) is a rational function for a large class of groups G, including the cases when G is reductive or G is a maximal unipotent subgroup of a reductive subgroup of GL m (C). In particular this holds when W is a relatively free associative algebra F m (R) and R is a proper subvariety of the variety of associative algebras.
In our paper we consider an arbitrary W = Examples of such W are the relatively free algebras F d (R) where R is the variety G generated by the Grassmann (or exterior) algebra E = Λ(W ∞ ) on the infinitely dimensional vector space W ∞ , the variety T generated by the algebra of 2 × 2 upper triangular matrices, the variety M generated by the algebra of 2 × 2 matrices, the variety var(E ⊗ E) generated by the tensor square of E, as well as the relatively free algebras of some varieties of Lie and Jordan algebras. Other examples are the Grassmann algebra 
As an illustration of our approach we apply our results to the algebra of invariants when the classical group acts on the relatively free algebras F d (G) and F d (T). The celebrated theorem of Regev [15] gives the exponential growth of the codimension sequence c n (R), n = 1, 2, . . ., for any proper variety of associative algebras. Later Giambruno and Zaicev [7, 8] proved that the exponent
exists and is a nonnegative integer. In [9] they described the minimal varieties R of a given exponent, i.e., the varieties R with the property exp(S) < exp(R) for any proper subvariety S of R. It has turned out that G and T are the only minimal varieties of exponent 2. But from the point of view of invariant theory there is a big difference between G and T. By a result of Domokos and one of the authors [2] the algebra of invariants F 
In a forthcoming paper we calculate the Hilbert series of the algebras of Ginvariants for different actions of these three classical groups on several m-generated algebras (also for m = d): the relatively free algebras of the varieties of associative algebras M and var(E ⊗ E) which are minimal in the class of varieties of exponent 4, of three varieties of Lie algebras: the metabelian variety A 2 , the center-bymetabelian variety [A 2 , E], and the variety var(sl 2 (C)) generated by the algebra of 2 × 2 traceless matrices. We calculate also the Hilbert series of N 2 ) ), and Cl G m (W p ) for the same groups G.
The method
For a background and details on representation theory of the general linear group GL d (C) we refer to the book by Macdonald [11] . Every polynomial GL d (C)-module is a direct sum of irreducible submodules. The irreducible
, is a partition in not more than d parts. The Hilbert series
where m nλ is the multiplicity of
As in [1] and in the papers cited there it is convenient to introduce two formal power series called the multiplicity series of W which carry the information for the GL d (C)-structure of W :
where the second multiplicity series is obtained from the first one using the change of variables
The following easy lemma gives the expression of the Hilbert series of
be a direct sum of polynomial GL d (C)-modules W (n) and let G be an arbitrary subgroup of GL d (C). Then the Hilbert series of the G-invariants of W is
we obtain that g(w
G , and
which implies the formula for H(W G , z).
As a consequence we obtain the following method for the computing the Hilbert series of
Theorem 2.2. In the notation of Lemma 2.1
where the summation runs on all partitions µ 2 = (µ 1 , µ 1 , µ 2 , µ 2 , . . . , µ p , µ p ) with even length of the columns of the corresponding Young diagram [µ 2 ];
where the sum is on all even partitions 2ν = (2ν 1 , . . . , 2ν d ), i.e., partitions with even parts;
where the sum is on all even partitions 2ν = (2ν 1 , . . . , 2ν d ) and all odd partitions 2ν + 1 = (2ν 1 + 1, . . . , 2ν d + 1).
Proof. By our paper [6] The following theorem expresses the Hilbert series of the G-invariants in terms of the multiplicity series for 
Proof. The arguments of the proof repeat verbatim the arguments of a similar theorem from [6] in the case when W is the symmetric algebra S(W (1) ) of the GL d (C)-module W (1) because in both cases we start with the multiplicity series of S(W (1) ) and W , respectively, and take a summation on the partitions λ which correspond to those GL d (C)-modules V d (λ) which contribute to the Hilbert series of the G-invariants with nontrivial G-invariants for each of the classical groups 
Canonical action of GL d (C)
In this section we compute the Hilbert series of the algebras of invariants when the group GL d (C) acts canonically on the vector space W d = CX d generating the algebra. The algebras in consideration are the relatively free algebras of the varieties of associative algebras G and T. The necessary background including the application of representation theory of the general linear group to relatively free algebras may be found in the book by one of the authors [5] . In what follows we assume that the relatively free algebras are freely generated by the set X d . We also assume that with respect to the basis X d = X 2p the group Sp 2p (C) consists of the (2p) × (2p) matrices g with the property g t Ωg = Ω, where g t is the transpose of g,
, and I p is the identity p × p matrix. Similarly, the group O d (C)
3.1. The relatively free algebra F d (G). The description of the polynomial identities and the cocharacter sequence of the variety G generated by the Grassmann algebra E was given by Krakowski and Regev [10] and by Olsson and Regev [14] . The variety is defined by the polynomial identity
It is well known that F d (G) has a basis consisting of all
The cocharacter sequence of G is
where χ(λ), λ ⊢ n, is the irreducible S n -character indexed by the partition λ. In other words, the summation is on all partitions λ with Young diagram consisting of one long row and one long column. This implies that
where V d (λ) = 0 if λ is a partition in more than d parts.
Proof. The first part of the proposition follows immediately from Theorem 2.2 because the only partitions (i, 1 n−i ) in not more than 2p parts and with even length of the corresponding Young diagram are (0), (
Proposition 3.2. The Hilbert series of the algebra
is the symmetric algebra generated by the element of
We repeat the arguments in the proof of Proposition 3.1. Since the only even partitions (i, 1 n−i ) are (2q), q = 0, 1, 2, . . ., applying Theorem 2.2 we derive that
Since the element f is an O d (C)-invariant and its powers are nonzero in
which completes the proof.
Proposition 3.3. The Hilbert series of the algebra
is generated by the element
and the standard polynomial of degree d
Proof. As in the proof of Proposition 3.2, Theorem 2.2 gives that the one-dimensional contributions to the algebra
come from the even partitions (i, 1 n−i ) = (2q), q = 0, 1, 2, . . ., and from the odd partitions (i, 1
Since the standard polynomial
and hence is generated by f and St d .
Remark 3.4. Applying ideas from [1] we obtain that
has a basis consisting of 1 and St d (x 1 , . . . , x d ). For the unitriangular group UT d (C) we have
is generated by x 1 and St n (x 1 , . . . , x n ), n = 2, 3, . . . , d.
3.2.
The relatively free algebra F d (T). By a theorem of Maltsev [12] the polynomial identities of the algebra of c × c upper triangular matrices follow from the polynomial identity
In the special case c = 2 the cocharacter sequence of the variety T was computed by Mishhenko, Regev, and Zaicev [13] :
where
in all other cases.
is not finitely generated. A set of generators can be defined inductively by
Proof. As in the previous subsection the nonzero coefficients of the Hilbert series come from the partitions µ 2 = (µ 1 , µ 1 , µ 2 , µ 2 , . . . , µ p , µ p ). In our case these partitions are µ 2 = (q, q), q = 0, 1, 2, . . ., and all they are of multiplicity 1. This gives the Hilbert series H(
it is easy to see that the elements f n , n = 0, 1, 2, . . ., are Sp d (C)-invariants and they form a basis of
Since f m f n = 0 for m, n > 0, we derive that the algebra of invariants is not finitely generated.
where the inequality between the series means an inequality between the corresponding coefficients. Since
is not finitely generated.
The proof of the following proposition is similar to the proof of the previous one. 1 − 2z 2 + z 3 + 2z
The algebra
is not finitely generated. and
The algebras F 2 (T) SL2(C) and F d (T) UT d (C) are not finitely generated. .
